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Abstract. We characterize the space of the so-called planar mixed 
automorphic forms of type {v,pi) with respect to an equivariant pair (p, t) 
as the image, by an appropriate transform, of the usual (Landau) auto- 
morphic forms involving special multiplier. 

1 Introduction 

The notion of mixed automorphic forms was introduced by Stiller l7| 
and extensively studied by M.H. Lee (see 15] and the references therein). 
They appears essentially in the context of number theory and algebraic ge- 
ometry and arise naturally as holomorphic forms on elliptic varieties H. 
Mixed automorphic forms include classical ones as a special case and non 
trivial examples of them has being constructed in 1TJ[6J. In this paper, we 
deal with the space planar mixed automorphic forms and we show that 
it can be connected to the space of Landau automorphic forms [21, by an 
explicit and special transform (Theorem |3.1| |. 

Let C be the complex plane endowed with its usual hermitian scalar 
product {z,iv) = zw, and T be the unitary group, T = {A G C; |A| = 1}. 
Consider the semidirect product group G = T x C operating on C by the 
holomorphic mappings g ■ z = az + b for g = {a,b) G G. By equivariant 
pair [p, t), we mean that p is a G-endomorphism and t : C — ^ C a compat- 
ible mapping such that 

T{g.z)=p{g)-T{zy, geG, zee. (1.1) 

Associated to such (|0, t) and given uniform lattice F in C, we consider 
the vector space of F-mixed automorphic forms of type {v,}i). 

They are smooth complex-valued functions F on C satisfying the functional 
equation 

f(7-z)=f(7,2)f(p(7),T(z))F(z), (1.2) 
where v, ji are non negative real numbers and y*; a G R, is defined by 

f (g,z) =e2'«3(^'^"'-o). (1.3) 
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Here and elsewhere denotes the imaginary part of the complex number 
z. We assert that the space Air'^' (C) is isomorphic to the space of automor- 
phic forms F G C~(C), i.e., such that 

The pseudo-character Xt is defined on Y by 

xAl) = exp (^22V!;'f'(7) -2/>9(t(0),p(7)-' -O)), 

where the involved function cp^^''^ satisfies a first order differential equation 
as in Proposition |2.3l below. 

Our main result (Theorem 13. II ) is stated and proved in Section 3. To do 
this, we have to ensure first the nontrivially of the space A^x' (C) and to 
introduce properly the function cp^'^ (Section 2). The crucial point in the 
proof of Theorem 13.11 is to observe that the weight B^' given by B^'^ = 
^"'"/^(llzl^ ~ 1^1^) indeed a real constant independent of the complex 
variable z. As immediate application of the obtained characterization, one 
can deduce easily some concrete spectral properties of an appropriate in- 
variant Laplacian acting on A1t^(C) (see lH for more details). 

2 On the space Mr'^'{C) and the function cpl'''' 

For given real numbers v,ji > and given equivariant pair (p, t), we 
define x as a complex valued mapping G x C by 

JpJ^{g,z):=r{g.z)f{p{g),T{z)) (2.1) 
and we perform the vector space of mixed automorphic forms of type {v, /y), 

X^'''(C):={F:C^C; F(7 ■ z) = /;:?(^,z)F(z), 7 G r,z G c}. 

(2.2) 

Then, one can check the following 

Proposition 2.1. i) Let <p^p^\g,g') he the real-valued function defined on G x G 
by 

<P7ig'g') ■■= ^{y{g'' ■ ^'g' ■ 0) + V{p{g-') ■ O.pig') ■ O))- (2.3) 
Then, the mapping fpj^ satisfies the chain rule 

i7Agg',^) = e'-^"'^^'^'^j;:Ug,g' ■ z)];%{g\z). ha) 

ii) The functional space A^t''(C) is nontrivial if and only if the real-valued 
function (1/ Ti)(p^p'^ in (|2.3|) takes integer values on F x F. 

Remark 2.2. According to i) of Proposition \2.1[ the unitary transformations 

[T^-'VKz) ■.= };:^{g,z)f{g-z), (2.5) 
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for varying g ^ G, define then a projective representation of the group G on the 
space of functions on C. While the assertion ii) shows that A4t'^'(C) can be 
realized as the space of cross sections on a line bundle over the complex torus C/F. 

Proof. For every g,g' G and z G C, we have 

Next, one can sees that the automorphic factor /"(■,■) satisfies 

f{hh',w) = e^"''^{''-'-^'^'-^)f{h,h' ■ w)f{h',w); h,h' G G,w G C. 
This gives rise to 

fpUgg',^) = e^"^y'^^'^"^ng,g' ■ z)np{g),p{g') ■ T(z))/;,v^(g',z). 

Finally, (|2.4[) follows by making use of the equivariant condition p{g') ■ 

The proof of ii) can be handled in a similar way as in 111 making use of 
(|2.4[) combined with the equivariant condition □ 



In order to prove the main result of this paper, we need to introduce the 
function 



Proposition 2.3. The first order differential equation 



dz 



(2.6) 



admits a solution such that "^(pr^ is constant. 



Proof. By writing the G-endomorphism p:G— >G = TxiCas p{g) = 
[x{s)'^{s)]' differentiating the equivariant condition T{g ■ z) = p{g) ■ 
t(z) = + \p{g), it follows 

Hence, for {dg ■ z) / (9z) and x{s) being in T, we deduce that 



^T^'ig-z) =v + p 



dT 

Yz^^ 



•2) 

2 



Yz^'^ 



B^'^iz), 



and therefore z i— > Bx'''(z) is a real valued constant function (since the only 
G-invariant functions on C are the constants). Now, by considering the 
differential differential 1-form 

6j''''{z) := i^v{zdz — zdz) + p{TdT — rdf)^, 
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one checks that d6^'^' = dQ^^ , where 0^^' := iB^'^{zdz — zdz). Therefore, 

there exists a function : C — > C such that Qf^'^ = Constant and satis- 
fying the first order partial differential equation 

- -ll[v-B^'f]z + ^{T—-T — 



dz \ dz dz 

df _9t, ,,9t,7 ,9t,2 



This completes the proof. □ 

Remark 2.4. The partial differential equation i2.7} satisfied by cp^'^' can be reduced 
further to the following 

^ = t^ and ^ = l(v-B-'>- + t^ (2.8) 
dz dz az fi dz 

withf^^{z) = i(^[B'^'''-v]\z\^-^\T{z)\^^ +2i}i^','^{z). 



3 Main result 

Let ^t'' be the real part of ^x'^' — (px''(0), where (p^''' is a complex valued 
function on C as in Proposition 12.31 Define W^'^ to be the transformation 
given by 

[>V:'^/)](z):=e'>^'"(^)/(z). (3.1) 

We have 

Theorem 3.1. The image of A4^j^\C) by the transform 03. ID is the space of Lan- 
dau {T ,XT)-(iutomorphic functions. More exactly, we have 

W^iM^m = {F; C~ F{z + ^)=Xr{l)f^\l,z)F{z)], 

where B^''' = v + /^(|||p — £ K and ;^t: /s f/ze pseudo-character defined 

on T by 

Xril) = exp (2/<p^''^(7) - 2z>9(t(0),p(7)-' ■ o)). 
For the proof, we begin with the following 
Lemma 3.2. The function Xt defined onC xY by 

zs independent of the variable z. 
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Proof. Differentiation of (z; 7) w.r.t. variable z gives 



(p(7-i)-0)g(z)-(p(7-^)-0)^(z) 



In the other hand, using the equivariant condition t(z + 7) = p(7) • t(z) 
and equation (|2.7|), one gets 

+ 7) - ^ (z)) = B^'"7 + W{z) - W\z + 7) 

= [B^''' - t/]7 + fl^— (z) -fl^ — (z) , 

(3.3) 

where we have set = j0(7^^) • 0. Thus from (|3.2|) and (I3.3I I, we conclude 

that ^ = 0. Similarly, one gets also ^ = 0. This ends the proof of Lemma 
1311 □ 

Proof of Theorem IXH We have to prove that Wj'^^P belongs to 

J-r";;'; := {f; C~, F(z + 7) = X.{l)f'\l,z)Hz)} 
whenever f S A1^''^'(C), where 

Xr{l) := exp (2zV:;'^'(7) -2z>q(t(0),p(7)-' -O)). 
Indeed, we have 

[Wr'^F]{z + 7) := e'>T"(z+7)F(2 + ^) 

^ ^i{^7{z+i)-9V'iz))jy (^^ t(z)) [W^'^'F] (z) 

= ^(z;7)r'^'"(%2)[W^'^'f](2)- 

Whence by Lemma l3!2l we see that ^(z; 7) = ^(0; 7) =: Xt{7) and there- 
fore 

[W^'^'F] (z + 7) = (7)7-'^"' (7. [W,^'"F] (z). 
The proof is completed □ 

Corollary 3.3. The function Xrij) = exp (2/^'^'''(7) - 2z>3=(t(0),p(7)"^ ■ O)) 
satisfies the pseudo-character property 

if and only if (1/ 7i)(py in (|2.3|) takes integer values on F x F. 
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